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ABSTRACT: A new class of thermoplastic elastomers possessing unusual
mechanical properties has recently been discovered in binary blends of A-b-(B-b-
A�)n miktoarm star block copolymers and A homopolymers that spontaneously
form an unusual, thermodynamically stable, aperiodic “bricks-and-mortar” (B&M)
mesophase morphology. The B&M mesophase is believed to be stabilized by
thermal �uctuations as in the well-known case of the bicontinuous microemulsion
phase. Here, two-dimensional �eld-theoretic simulations are used to study the
equilibrium self-assembly of such miktoarm polymer binary blends. As expected,
the B&M mesophase is not present in the mean-�eld phase diagram obtained with
self-consistent �eld theory, but complex Langevin (CL) simulations, which fully
incorporate thermal �uctuation e�ects, reveal dramatic changes to the phase diagram. A region of strong �uctuations results in
the emergent stabilization of the B&M mesophase in a broad composition channel positioned between microphase separation
and macrophase separation envelopes, consistent with experimental observations. Our simulations clarify the topology of the
blend phase diagram and suggest that the B&M mesophase, at least as observed near the order�disorder transition, has no long-
range or quasi-long-range positional or orientational order.

� INTRODUCTION
In the past two decades, mean-�eld theories have achieved
remarkable successes in predicting the equilibrium phases of
block copolymers and their alloys with homopolymers.1�5 In
particular, self-consistent �eld theory (SCFT) has been used
extensively to compute morphologies of ordered mesophases,
order�disorder transitions (ODT), and order�order transitions
(OOT) and to construct phase diagrams.6�15 However, the
validity of SCFT is restricted to concentrated solutions or melts
of high-molecular-weight polymers far from critical phase
transitions.16 Close to such phase transitions, it has been
demonstrated, for example in polyisoprene�polystyrene diblock
copolymers, that SCFT-computed phase diagrams are inaccu-
rate: block copolymer ODT boundaries are shifted to lower
temperatures (higher Flory�Huggins interaction parameter �N),
and the contours of phase boundaries are signi�cantly
distorted.17 These are largely quantitative corrections, except
close to the strictly symmetric case where the disorder-to-
lamellar transition is changed by �uctuations from second-order
to �rst-order character, breaking the critical point.18,19 This is an
example where the mean-�eld approach fails in a more signi�cant
“qualitative” way because �uctuation e�ects become strong
enough to alter the topology of the phase diagram.

The bicontinuous microemulsion (B�E) observed in a ternary
diblock copolymer�homopolymer blend (A-b-B/A/B) is a
second example of a qualitative failure of mean-�eld theory.20�22

Unlike conventional inhomogeneous phases of block copoly-

mers, such as the lamellar phase (LAM) and the hexagonal
cylinder phase (HEX), the B�E lacks long-range positional and
orientational order: the A-rich and B-rich domains are separated
by undulating interfaces of almost zero mean curvature, with the
individual A and B domains forming continuous random
networks. It has been found that the B�E phase appears in a
narrow channel near the mean-�eld Lifshitz critical point (LP),
which is destroyed by �uctuations. This B�E mesophase has been
extensively studied experimentally20�22 and theoretically.23�31

Among theoretical approaches, Du�chs et al.31 demonstrated that
�eld-theoretic simulations with complex Langevin (CL)
sampling is a powerful approach for identifying the B�E channel
in the phase diagram and examining the role of �uctuations in
stabilizing the aperiodic B�E morphology.

The CL method was originally developed to solve lattice gauge
theories32 with complex actions33 and was introduced to polymer
�eld theory by Ganesan and Fredrickson.34,35 The method
incorporates �uctuation e�ects by introducing a Langevin
dynamics to sample complex-valued �eld con�gurations.
Thermodynamic observables are then obtained by averaging a
corresponding operator over the generated �eld con�gurations.
The method has proven to be broadly applicable for studying
�uctuation phenomena in polymeric assemblies, for example in
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solutions to the molecular �eld theory model. In the CL
technique, a sequence of con�gurations of the auxiliary �elds are
generated by means of the following Langevin dynamics38
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where �i(r,t) is a Gaussian noise obeying the �uctuation�
dissipation theorem: ��i(r,t)� = 0 and ��i(r,t)�i(r�,t�)� = 2�i
(r �
r�)
(t � t�). Any thermodynamic observable O is obtained from
an average of generated samples of a corresponding �eld-based
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time is T = NT�t. The spatial and contour resolutions used are
the same as for SCFT.

We adopt an exponential time di�erencing with predictor�
corrector (ETDPEC) scheme47 to integrate the Langevin
equations, which signi�cantly improves the stability and accuracy
over simpler algorithms. All CL simulations were performed at an
intermediate �uctuation strength with dimensionless chain
number density C = 20 (N� = b6v0

�2N � 10 000). Note that
this value for C is larger than the most appropriate value for
experimental correspondence (C � 7); the resultant weakening
of �eld �uctuations greatly enhanced stability of the CL time
stepper. The concomitant gain in sampling e�ciency allows for
much larger simulation cells and longer annealing cycles than
would otherwise be attainable. We expect qualitative changes of
the phase diagram induced by �uctuation corrections to manifest
also at this higher C value. After equilibration, a total of 5 × 105

samples were collected for each evaluation of the thermodynamic
observable, unless otherwise stated. For all CL simulations, �t is
set to 0.002, and the calculations are conducted in two-
dimensional (2D) space. The reduction in dimensionality allows
us to conduct CL simulations with unprecedented cell sizes of up
to 110Rg on a side or approximately 1.5 �m for the comparable
experimental system. This has the bene�t of providing access to
the microscopy-relevant scales in experiment, but obviously our
results should be interpreted cautiously, as �uctuation-induced
phenomena in 3D could potentially have a di�erent character
than in 2D.

� RESULTS AND DISCUSSION
In the following simulations, we choose f1 = 0.28, f 2 = 0.04, and �
= 0.14, roughly corresponding to the experimental case of
Mn(PS) = 80.5 kg/mol, Mn(PS�) = 11.0 kg/mol, Mn(PI) = 56.0
kg/mol, and Mn(hPS) = 44.6 kg/mol.50 The experimental results
of Shi et al.50 suggest that this particular molecular architecture
gives the widest range of homopolymer volume fraction for
observing the B&M mesophase.

Mean-Field Phase Diagram. The mean-�eld phase diagram
shown in Figure 2 was obtained by comparing free energies of
various phases computed by SCFT calculations. Inspired by the
experimental observations, only the lamellar (LAM), hexagonally
packed cylinders (HEX), and disordered (DIS) phases, and their
coexistences, were considered in constructing the phase diagram.
The mean-�eld phase diagram has a large two-phase region
bounded by DIS�DIS, HEX�DIS, and HEX�LAM coexistence
lines. The HEX- and LAM-phase regions expand rapidly as �N
increases from 25 to 35. Note that the maximum segregation
strength in the computed phase diagram (�N = 35) is
signi�cantly weaker than the experimental segregation strength
(�N = 270),50 for reasons both of computational practicality and
to reveal the ODT envelope. With increasing �h, homopolymers
tend to aggregate in the A-rich domains of the ordered structures,

swelling those domains signi�cantly. As �h � 1, it becomes
challenging to resolve the highly swollen domains and to
guarantee no unbinding transition. The dashed lines at the top
right corner of the phase diagram are HEX�LAM and LAM�
DIS coexistence lines inferred from the more reliable region. It is
known that the stability of the highly swollen LAM phase is a
consequence of the mean-�eld approximation.56 With thermal
�uctuations, the swollen LAM phase will eventually become
unstable as �h increases and disorder into a micellar region prior
to the SCFT unbinding transition. In addition, a micelle/LAM
coexistence region may exist because the order�disorder
transition between micellar and LAM phases is �rst order.
Finally, we emphasize that all the DIS phases obtained from
SCFT calculations are structureless on all scales, i.e., homoge-
neous phases. Thus, there is no possibility of capturing a
structured disordered phase like B&M mesophase within the
con�nes of SCFT.

As just explained, the B&M mesophase cannot appear in the
mean-�eld phase diagram. However, in the LAM/HEX
coexistence region the free energies of the LAM phase and the
HEX phase are very close, possessing di�erences in free energy
per chain that di�er by about 10�4kBT, indicating that these
phases compete intensely and consequently are vulnerable to
thermal �uctuations. On the basis of these SCFT �ndings and the
experimental phase diagram, we expect thermal �uctuations will
destroy the long-range positional order of the ordered structures
in the HEX�LAM coexistence channel and consume at least part
of the adjacent LAM phase region to form the B&M mesophase.
By further increasing the homopolymer volume fraction (e.g., �h
� 0.8), the B&M mesophase should be swollen by homopol-
ymers and eventually become unstable. In this region, the
experiments observed the coexistence of B&M and a structured
DIS micelle phase, followed by pure micelles for yet larger �h.

Emergence of the B&M Mesophase. In experiments,50 the
B&M mesophase appears in a wide range of homopolymer
volume fractions from 0.1 to 0.7. This suggests that the B&M
mesophase displaces the mean-�eld HEX-LAM coexistence
region shown in Figure 2. To test this hypothesis, we initially
conducted two representative two-dimensional large-cell CL

Figure 2. Mean-�eld phase diagram of the miktoarm polymer binary
blend. HEX, LAM, and DIS one-phase pockets are separated by large
HEX�DIS, HEX�LAM, and DIS�DIS two-phase coexistence regions.
Dashed lines are inferred phase boundaries.
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simulations for the miktoarm polymer binary blend with �h = 0.4,
�N = 26 (mean-�eld DIS/DIS coexistence) and �h = 0.7, �N = 34
(mean-�eld LAM phase). The simulation for �h = 0.4 was
initialized with a randomly generated �eld con�guration, while
the �h = 0.7 simulation was initiated with perfect lamellar
structures obtained from SCFT calculations. The instantaneous
snapshots of the A-segment density distributions from the CL
simulations together with the corresponding experimental TEM
images are presented in Figure 3. According to Shi et al.,50 the

morphologies for �h = 0.4 and �h = 0.7 observed with TEM in
experiments were designated as the B&M mesophase and a
mixture of the B&M mesophase and a PS-rich homogeneous
phase, respectively. The simulated morphologies for both
conditions resemble the experimental results remarkably well,
indicating the importance of a proper treatment of �uctuations
and that CL simulations can indeed be used to study the B&M
mesophase. It is important to note that large-cell simulations
have to be performed to reveal the B&M mesophase because a
large �eld of view (unin�uenced by the periodic boundary
conditions) is necessary to reveal its aperiodic nature. Unlike the
experimental B&M morphology, however, no evidence of quasi
long-range orientational order has been observed in the B&M
structures obtained by simulations.

To further examine the structure of the B&M mesophase, we
have plotted the density distributions of each block of the
miktoarm polymer as well as the homopolymer in Figure 4. Note
that speci�cally for the production of these illustrations, the
instantaneous CL-generated morphologies were relaxed to an
SCFT saddle point con�guration after formation and equilibra-
tion, indicating that the B&M structures represent metastable
states of the mean-�eld free energy landscape. It should be noted
that the mean-�eld free energy of such a metastable B&M state as

computed by SCFT relaxation is higher than the free energy of
the corresponding stable phase shown in the mean-�eld phase
diagram. This procedure removes high-spatial-frequency noise
and the imaginary parts of the density operators for easier
interpretation of the corresponding image.

In the binary blend we consider here, the length of the
homopolymer is smaller than the A1 block of the miktoarm
polymer and longer than the A2 block. Figure 4a shows that the
short A2 blocks distribute predominantly inside or adjacent to the
B-rich domains. This observation con�rms the proposition of Shi
et al.50 that the short A2 blocks act as a dry brush and resist
penetration by the A homopolymer, although not in a
conventional dry brush sense since the A2 blocks largely retreat
into the B domains. This observation is also consistent with
previous SCFT calculations of ABA� triblock copolymers57 and
neat miktoarm polymers.51 The spatial distributions determined
by SCFT indicate that the increase of unfavorable contacts of A-
and B-monomers is favorable compared to the entropic cost
incurred by stretching to distribute short A2 blocks away from the
B domains. A similar phenomenon has been previously observed
in the morphologies of a binary blend of Styrolux and polystyrene
(PS) homopolymers.58 Styrolux is on average a miktoarm star
copolymer with four arms. All four arms consist of butadiene�
styrene diblocks with a tapered block transition, one of which has
a much longer PS block. Therefore, the architecture of Styrolux
possesses some similarity with our miktopolymer.

Figure 4b reveals that the long A1 blocks mostly distribute near
the periphery of the B-rich domains especially in the vicinity of
junctions of the network of the B-rich domains. Thus, the long A2
blocks are well penetrated by and serve as wet brushes for the
added homopolymers. Figure 4c shows that the discrete A-rich
domains are �lled mainly by the homopolymers, as expected by
the connectivity of the miktoarm blocks. In addition, the
homopolymers do not penetrate into the B-rich domains; the
enthalpic penalty would be too great compared to the small
entropy loss for localization. Consequently, we can expect further
addition of homopolymer will continue to swell the A-rich

Figure 3. B&M mesophase in the miktoarm polymer binary blend as
observed by (a, c) TEM experiments and (b, d) CL simulations.
Homopolymer volume fractions are 0.4 and 0.7 for top row and bottom
row, respectively. The discrete, bright domains are A-rich (PS-rich)
domains for both experimental and simulated results. The scale bars for
the experimental images are 200 nm. The sizes of the (b) and (d) images
are 110 × 110 Rg and 65.5 × 65.5 Rg, respectively. Note that Rg is
estimated to be about 15 nm for the experimental miktopolymers.
Images (a) and (c) are adapted with permission from ref 50.

Figure 4. Density distributions of (a) A2 blocks, (b) A1 blocks, (c)
homopolymers, and (d) B blocks in the miktoarm polymer binary blend
as calculated by SCFT initiated from auxiliary �elds obtained by
equilibrated CL simulations for �h = 0.6 at �N = 34. The �eld errors are
converged to 10�4. The size of each simulation cell is 61.5 × 61.5 Rg.
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domains until eventually macrophase separation occurs, followed
by an inverted micellar phase.

Fluctuation-Corrected Phase Diagram. From our initial
CL simulations it can be understood that the B&M mesophase is
an equilibrium thermodynamic phase stabilized by thermal
�uctuations. The mean-�eld phase diagram should be modi�ed
accordingly to accommodate the new phase. Here we locate
phase boundaries by morphology characterization rather than
detailed free-energy matching due to the computational expense
of the latter.38 We begin by conducting thermal annealing cycles
by varying �N at �xed composition �h. Note that a decrease of �N
corresponds to heating and an increase of �N corresponds to
cooling. We subsequently employ isothermal blend composition
sweeps by varying �h at �xed �N to e�ciently localize phase
boundaries that are almost vertical on �N��h plots, such as those
shown in Figure 2.

We initially vary �N with �xed �h = 0.4. Two sequences of
morphologies are presented in Figure 5: the top row shows a
heating cycle (from left to right) while the bottom row shows
cooling (from right to left), where each �N simulation begins

with the �nal �eld con�guration from the previous. As �N
decreases, the amplitude of the density of A monomers inside the
A-rich domains gradually decreases accompanied by the
reduction of the number of A-rich domains. During such a
heating cycle, the B&M mesophase undergoes a gradual
transition to the homogeneous DIS phase. The bottom row of
Figure 5 shows that the B&M mesophase also emerges
continuously from a homogeneous DIS phase during the cooling
cycle. Furthermore, there is no signi�cant hysteresis between the
heating and cooling cycles, which signals that the transition
between B&M and structureless DIS may be continuous. In fact,
since the emerging B&M phase has the same translational and
rotational symmetries (in the ensemble average) as the
unstructured DIS phase, we conclude that they are one and the
same and that no strict phase transition, even a continuous one,
separates them. Nonetheless, it is useful to construct a “pseudo-
phase-transition” boundary to approximately indicate where
signi�cant structure emerges in the disordered phase. For this
particular case, the pseudotransition point is determined to be at
approximately �N = 22.5 for �h = 0.4 based on the criterion of the

Figure 5. Instantaneous snapshots of the morphologies of the miktoarm polymer binary blend at �h = 0.4 under thermal annealing. Top row: �N
decreases from 26 (left) to 21 (right); the starting image of �N = 26 is obtained by performing a CL simulation for 105 steps initiated by random �elds at
�N = 26. Bottom row: �N increases from 21 (right) to 26 (left); the starting image of �N = 21 was obtained by a CL run for 5 × 104 steps initialized from a
structureless disordered phase. All the subsequent images are obtained by running CL simulations for 5 × 104 steps initiated from the last con�guration
of the previous CL simulation. The size of each simulation cell is 110 × 110 Rg. The total density of A monomers is shown in each image.

Figure 6. Instantaneous snapshots of the morphologies of the miktoarm polymer binary blend at �h = 0.1 under thermal annealing. Top row: �N
decreases from 34 (left) to 30 (right); the starting image of �N = 34 is obtained by performing a CL simulation for 105 steps initiated by HEX �elds as
calculated by SCFT at �N = 34. Bottom row: �N increases from 30 (right) to 34 (left); the starting image of �N = 30 was obtained from a CL simulation
for 5 × 104 steps launched from a structureless disordered phase. All subsequent images are obtained by performing CL simulations for 5 × 104 steps
initiated from the last con�guration of the previous CL simulation. The size of each simulation cell is 111.8 × 108.9 Rg. The color bar is the same as in
Figure 5.
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